Springer fiber components in the two columns case 
for types A and D are normal 



Nicolas Perrin and Evgeny Smirnov 

Ov July 3, 2009 

O 

(N 

Abstract 



We study the singularities of the irreducible components of the Springer fiber over a 
nilpotent element N with TV 2 = in a Lie algebra of type A or D (the so-called two columns 
case) . We use Frobenius splitting techniques to prove that these irreducible components are 
normal, Cohen-Macaulay, and have rational singularities. 



< 

1 Introduction 

Let K be an algebraically closed field of arbitrary characteristic not equal to 2. Let N be a 
nilpotent element in a Lie algebra g = g[ n (type A) or g = 502n (type D). We consider the 
' Springer fiber $n over N. It is the fiber of the famous Springer resolution of the nilpotent cone 

Ncg over N. 

This resolution can be constructed as follows. Let £F be the variety of complete flags in K n 
(resp. 09" the variety of complete isotropic flags, see Section[3]for the description of the Springer 
■ fiber 09~7v in this case). A flag / = (V^,)j e [ 0jn ], where Vi is of dimension i, is stabilized by iV € N 

if N(Vi) C Vi-i for all i > 0. We shall denote this by N(f) C /. Define the variety 

W={(/,iV)GJxW | N(f) C /}. 

~~ ~ ~ 

The projection INT — > J is a smooth morphism thus H is smooth. The natural projection N — > N 

is proper and is therefore a resolution of singularities for N. It is called the Springer resolution. 

The Springer fibers, i.e., the fibers of the Springer resolution, are of great interest. They 

are connected (this can be seen directly or follows from the normality of the nilpotent cone N), 

equidimensional, but not irreducible. There is a natural combinatorial framework to describe 

them: Young diagrams and standard tableaux. 

The irreducible components of the Springer fibers are not well understood. For example, it 

is known that in general the components are singular but there is no general description of the 

singular components. There are only partial answers in type A. First, it is known in the so-called 

hook and two lines cases, all the components are smooth (see |Fun03| ) . The first case where 

singular components appear is the two columns case. A description of the singular components 

in the two columns case has been given by L. Fresse in |Fre08] and |Fre0 9] . In their recent 

work [FrMe09j L. Fresse and A. Melnikov describe the Young diagrams for which all irreducible 

components are smooth. 
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In this paper, we focus on the the two columns case, that is to say, the case of nilpotent 
elements N of order 2. The corresponding Young diagram A = A(iV) has two columns. We want 
to understand the type of singularities appearing in a component of the Springer fiber. 

Let X be an irreducible component of the Springer fiber GF/v, resp. OSFjv, in type A, resp. 
D, with iV nilpotent such that N 2 = 0. In the two columns case, we describe a resolution 
7r: X — > X of the irreducible component X. We use this resolution to prove, for Char(IC) > 0, 
that X is Frobenius split, and deduce the following result for arbitrary characteristic: 

Theorem 1.1. The irreducible component X is normal. 

We are able to prove more on the resolution ir. Recall that a proper birational morphism 
/ : X — > Y is called a rational resolution if X is smooth and if the equalities f*Ox = Oy and 
R l f*®x = R % f*^x = for i > are satisfied. We prove the following 

Theorem 1.2. The morphism n is a rational resolution. 

Corollary 1.3. The irreducible component X is Cohen-Macaulay with dualizing sheaf tt^uj^. 

Rational singularities are well defined in characteristic zero. In this case we obtain the 
following 

Corollary 1.4. If Char (K) = 0, then X has rational singularities. 
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2 Irreducible components of Springer fibers in type A 



2.1 General case 

Let N £ gl n be a nilpotent element, and let (rn.j)j g n r i be the sizes of Jordan blocks of N. To N 
we assign a Young diagram A = A(iV) of weight n with rows of lengths (mi)i e u r ]. 

Definition 2.1. A standard Young tableau of shape A is a bijection r: A — > such that the 
numbers assigned to the boxes in each row are decreasing from left to right, and the numbers 
in each column are decreasing from top to bottom. 

Remark 2.2. Usually, one requires that the integers in the boxes of a standard tableau increase, 
not decrease from left to right and from top to bottom. However, using decreasing tableaux in 
our case simplifies the notation, so we decided to follow this (rather unusual) definition. 

Remark that the datum of a standard tableau r is equivalent to the datum of a chain of 
decreasing Young diagrams A = A^ ) D A^ D A^ 2 ^ D • • • D A^ n ^ = 0, where AW is the set of the 
n — i boxes with the largest numbers, that is, r _1 ({i + 1, . . . , n}). 

Let / = (Vi) £ J be an A-stable flag. We assign to it a standard tableau of shape A = A (AT) 
in the following way. Consider the quotient spaces VW = V/VJ. The endomorphism A induces 
an endomorphism of each of these quotients JV«: V® — > V®. Take the Young diagram A® 
corresponding to it consists of n — i boxes. Clearly, A® differs from A^ -1 ) by one corner 
box. So we obtain a chain of decreasing Young diagrams, which is equivalent to a standard 
Young tableau r(/). 

Let t be a standard Young tableau of shape A(JV). Define 

A T ° = {/ e Jat | r(f) = t}. 

The following theorem is due to Spaltenstein [Spa82|. 

Theorem 2.3. For each standard tableau t, the subset X® is a smooth irreducible subvariety 
of SFjv Moreover, dimX^ = dim^Tv, so X T = X® is an irreducible component of 3~at. Any 
irreducible component of $n is obtained in this way. 

2.2 Two columns case 

In this paper, we focus on the case of nilpotent elements N such that N 2 = 0. This is equivalent 
to saying that the Young diagram \(N) consists of (at most) two columns. Denote by r the rank 
of N or, equivalently, the number of boxes in the second column. Let X = X T be the irreducible 
component of the Springer fiber over N corresponding to a standard tableau r. Denote the 
increasing sequence of labels in the second column of the standard tableau r by (pi)ie[i,r]- Set 
Po = and p r +\ = n + 1. 

According to F.Y.C. Fung [ Fun03j . the previous Theorem can be reformulated as follows. 

Proposition 2.4. The irreducible component X is the closure of the variety 

X° = l(Vi)iela,n] eKjv 

An easy interpretation of this result is the following 
Corollary 2.5. The irreducible component X is the closure of the variety 

x ° = {O^isp.n] G ^ N | dim(ImAn Vi) = k for all k £ [0,r] and all i £ \p k ,p k+1 )} . 



V C^i+ImA for i G {pi, • • • ,p r } j 
V{ <f_ Vi-\ + ImN otherwise J 
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Proof. We prove this by induction on i. We have dim(ImiV n Vo) = 0. The result is implied by 
the following equivalence: (V i+ i CVi + ImN) <=> (dim(ImiV n V i+ i) = dim(ImiV n Vi) + 1). □ 

2.3 A birational transformation of the Springer fiber 

The above description gives a natural way to construct a resolution of singularities for X. We 
start with the following simple birational transformation of X. Define the variety X as follows: 

X = {((F k ) ke[ o, r] ,m im n]) e 3"( ImA x 3" I F k C V Pk C N~ 1 (F k -i), Vk e [l,r]}, 

where SF(ImiV) denotes the variety of complete flags in ImiV. The natural projections of the 
product JJ^ImiV) x 9" on its two factors induce two maps px '■ X — > 3 and qx '■ X — > 3~(ImiV). 

One of the main features of the two columns case that we will use is the following easy 
observation: ImiV C KeriV. In particular, for any flag {F k ) ke ^ r j G 3~(ImiV), the equalities 
F r = ImN and N~ 1 (Fq) = KeriV imply the following inclusions: 

F C ■ ■ ■ C F r C N-\F ) C ■ ■ ■ C N~ 1 (F r ). 

Fixing subspaces {Fi)ie[r,n-r] with dim(F) = i such that 

ImiV C F r C • • • C F„_ r C KeriV 

gives for any choice of (i ? fc)fce[o,r] G 3~(ImiV) a complete flag 

F C ■ ■ ■ C F r C F r+1 C • • • C F„_ r _! C iV _1 (F ) C • • • C N~ 1 (F r ) 

in N~ 1 (F r ) = K n . We denote this complete flag by F,. 

Proposition 2.6. (i) The map qx is dominant and is a locally trivial fibration over 3~(ImiV). 
Its fiber over (F k )he[o,r] i s isomorphic to the following Schubert variety associated to F,: 

?w = W)ie[o,n] G 5" | F k C V Pk C iV-^F^i), Vfc G [l,r]}. 
(m,) The map px is birational onto X. 

Proof, (i) The first part is clear from the definition of X. 

(n) Let (Vi) ie [o )Tl ] be in X°. We may define F k = ImiV n V Pk for fe € [0,r]. We have 
dimFfc = k. Since (V$)j e [o. n ] is in the Springer fiber, we also have the inclusion N(V Pk ) C V Pk -\- 
But N(V Pk ) C ImiV, thus 

N(v Pk )cimNnv Pk ^. 

Since (Vi) ie ^ 0n j is in X°, we have ImiVnl^, fc _i = ImN nV Pk _ 1 . Therefore we have the inclusion: 

V Pk C N-\lmN n ^ fc _J = AT^-i)- 

In particular X° is contained in the image of px- 

Conversely, let (F k ) ke [ ^ € £F(ImiV) and (Vi) ie \ 0:7l i in the Schubert variety "J w associated to 
F,. It is easy to check that for (^)i<=[o,n] general in the Schubert variety, we have ImiVnVi = F k 
for i 6 [pfc,Pfc+i)- Furthermore, for z G \p k ,p k+ \) we have the inclusions 

N(v l+1 ) c iv(y Pfc+1 ) c imiv n v Pk = F k c v Pk c y, 

therefore (Vi)j € [o,ra] is m X°. □ 
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2.4 A Schubert variety containing X 

Let us consider the following subvariety of S^ImiV) x 3" containing X: 

Y = {((F fc ) fce[0ir] , (Vi)ie[o,n]) G J(ImiV) x 3" | F fe C V Pfc , VA; E [l,r]}. 

As for X, the natural projections of the product £F(ImiV) x 9" on its two factors induce two maps 
p Y : Y -» 3" and q Y : Y" 3"(ImiV). 

Proposition 2.7. (jj T/ie map qy is dominant and is a locally trivial fibration with fiber over 
(-ffc)fce[o,rl isomorphic to the following Schubert variety associated to F,: 

% = {(Vi) ie[0>n] €3" | F k C V Pk , Vk E [l,r]}. 

ITie map py is birational onto the Schubert variety 

Y = {(Vi) ie[0M E 3" | dim(ImiV n V Pk ) > k, Vfc E [1, r]}. 

Proof, (i) The first part is clear from the definition of Y. 

(n) The image of py is contained in Y. Conversely, let (Vi)i e m jTl \ be general in Y. We then 
have dim(Im./V n V Pk ) = k and we may define Ff. = ImiVfl V Pk for k E [0, r\. We have dimFfc = k 
and ((i 7 fc)fee[o,r], (K)ie[o,n]) is in the fiber of py over Oi)ie[0,n]- □ 

3 Irreducible components of Springer fibers in type D 

3.1 Preliminaries on orthogonal groups and Springer fibers 

Let V be a 2n-dimensional vector space. Consider the group SO(V) of unimodular linear op- 
erators preserving a symmetric nondegenerate bilinear form u. Let B be a Borel subgroup in 
SO(V). The flag variety SO(V)/B is the variety 03^ of orthogonal flags defined by 

03" = {Vb C Vi C • • • C K-i C Vn+i ■ ■ ■ C V 2n \ V 2n -i = Yi~ and dim Vi = i for i < n - 1}. 

We will consider elements in 03" as ra-tuples of nested isotropic vector spaces ((Vi)ie[o,n-i])- We 
recover the usual notion of orthogonal flags because there are exactly two maximal isotropic 
subspaces between V n -\ and its orthogonal V n+ \ = (V^_i) . 

Let N E fll(V) be a nilpotent element. N is said to be orthogonalizable if there exists a 
symmetric nondegenerate bilinear form ui on V such that N is w-invariant; that is, 

u(Nv, w) + uj(v, Nw) = 0. 

This means that N E so(V), where so(V) is the set of elements of flt(V) leaving co invariant. 
The following easy consequence of the Jacobson-Morozov Theorem can be found, for instance, 
in |ViCoUn901 Chap. 6, 2.3]. 

Proposition 3.1. A nilpotent element N is orthogonalizable if in the corresponding partition 
Y(N) each even term occurs with even multiplicity (such partitions will be called admissible^). 

Definition 3.2. Given a nilpotent element TV" E so(V), we define a Springer fiber of type D in 
the usual way: namely, as the set of all orthogonal flags stabilized by N: 

0? N = {(0^e[o,™-i]) G OS" | N(Vi) C for i E [0,n- 1] and JV(*£.i) C K-i}- 
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Remark that the orthogonalizability condition on N implies that NCV^) C VA.-^. A de- 
scription of irreducible components of Springer fibers in types B, C, and D was given in 
M. van Leeuwen's Ph.D. thesis |vLe89] . We briefly recall this description here for the type 
D. 

Definition 3.3. Let A be a Young diagram with 2n boxes. A map r from the boxes of A to 
[l,n] is called a standard domino tableau, if the following conditions hold: 

(1) For each i, the pre-image T~ 1 (i) consists exactly of adjacent two boxes (adjacent either 
by horizontal or by vertical); 

(n) For each i, the set of boxes X^\N) := r" 1 ([i + l,n]) corresponding to the numbers 
greater than i forms a Young diagram. 

Moreover, a standard domino tableau is said to be admissible, if all the diagrams X^(N) are 
admissible (in the sense of Prop. l37Lj) . 

We will think of the pair of boxes T~ 1 (i) as of a domino tile indexed by the number i. Each 
of these tiles can be either horizontal or vertical. 

Example 3.4. Let A = (3,3). Then there are three standard domino tableaux of shape A (see 
below), but only the first two of them are admissible. Indeed, for the third diagram r _1 (3) 
corresponds to the Young diagram with one row of length 2, which is not admissible. 
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Definition 3.5. Let r be an admissible standard domino tableau of shape X(N). We assign to it 
a subset X T of the Springer fiber 03~at obtained as the closure of the set X° of flags (T4)ie[0,n-il 
in 01^ such that N\ v ± / Vj corresponds to the partition r~ l ([i + 1, n}) for each i < n. 
By definition of 09~jv, N is well defined on V^/Vi = V2 n +i-i/Vi, so this makes sense. 

The following theorem is due to M. van Leeuwen |vLe891 Sec. 3.2]. 

Theorem 3.6. X T is an irreducible component of 0$n> nil its irreducible components are 
obtained in this way. In particular, there is a bijection between the admissible standard domino 
tableaux of shape X(N) and the irreducible components o/09"at. 

3.2 Description of components in the two columns case 

Throughout this subsection we fix a nilpotent element ./V G so(V) such that N 2 = 0, and an 
admissible standard domino tableau r of shape X(N). We begin with the following combinatorial 
observation. 

Proposition 3.7. The Young diagram X(N) has at most two columns. Then each admissible 
standard domino tableau of shape X(N) contains only vertical tiles. 

As in the type A case (see Corollary 12. 5p . the description of irreducible components can 
be reformulated as follows. Let rk(iV) = 2r, and let (pi)ie[i,r] be the numbers of domino tiles 
forming the second column of the diagram Y(N) and set po = 0, p r +i = 2n + 1. 

Proposition 3.8. The variety X T is the closure of the variety X® C 03^n given by the following 
equivalent conditions: 

• dim(A^(y^ 1 ) n VS) = k for i G [p k ,Pk+i) for all k G [0,r]. 
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• dim(ImiV fl Vj) = k for i E \pk,Pk+l) f or a ^ k € [0, r\. 



Proof. The first condition is a reformulation of Theorem 13.61 due to M. van Leeuwen |vLe89[ 
Sec. 3.2]. The second condition is seen to be equivalent to the first one by induction on i. For 
i = 1, we have ImiV D Vi = N(Vq-) fl V\. We then proceed by induction replacing N by its 
restriction to V^~/V\. □ 



3.3 Birational transformation of the Springer fiber 

In this subsection we construct a birational transformation of a given irreducible component 
X = X T , analogous to the one described in Section [231 

First, let us endow the subspace Im/V with a bilinear form a as follows. For u, v E ImiV, 

a(u,v) = u(u,v'), where v' E N~ 1 (v). 

Proposition 3.9. a is a skew- symmetric nondegenerate form on ImiV. 

Proof. We readily see that a is well-defined. To show that it is skew-symmetric, take two vectors 
u, v E ImiV along with their preimages v! E iV~ 1 (u) ,v' E iV _1 (w). Then 

a(u, v) = w(JV(«'), v') = -uj(u', N(v')) = -u(N(v'), u) = -a{v, u). 

The non-degeneracy of a is also obvious. □ 

Remark 3.10. This is a particular case of the construction of a family of nondegenerate bilinear 
forms on (KeriV n ImiV*)/(KeriV fl ImiV* +1 ), which works for arbitrary nilpotent N E so(V). 
See |vLe89[ Section 2.3] for details. 

We shall denote by Z the orthogonality relation for the form a. We consider the symplectic 
flag variety Sp9~(ImiV), defined as follows: 

SpJ(ImF) = {(0 = F C Fi C F 2 C • • • C F 2r = ImiV) | F 2r _ fc+1 = F^}. 

Now we are ready to define a birational transformation of X. We define it as follows: 

X = {((F fe ) fe6[0 , 2r] , (^) ie[0 ,„-i]) C Spg-(ImiV) x OJ | F k C V Pk C N" 1 ^) \fk E [0,r]}. (1) 

Let us remark that for a flag (Fk)ke[o,2r] £ Sp9 r '(ImiV), we may consider the partial flag 

F C • • • C F 2r = ImiV C KeriV = N^Fq) C N' 1 ^) C • • • C N- 1 (F 2r ) 

and since (Ffc) fcg r 0] 2r] is isotropic for the form a, we have F^ = N~ 1 {F^-) = iV _1 (F 2r _fc). 
Therefore the above partial flag is isotropic for the quadratic form uj and we may complete 
it to an isotropic complete flag. As for the type A, denote the two natural projections by 
p: X — > Sp9"(ImiV) and q: X — > 03" respectively. 

Proposition 3.11. (i) The map q is dominant and a locally trivial fibration with fiber isomorphic 
to the following Schubert variety: 

0? w = {(^)ie[o,2n] E 03" I F fc C V Pk C AT^iVi) VA: E [l,r]}; 

(ii) The map p is birational onto X. 
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Proof, (i) This is clear from the definition of X. 

(ii) Let {Vi) i& \n^2n} De in X°. We use the first characterization of X° given by Proposition 
1381 Set F k = V Pk n N(V^_J for k G [0, r]. We have dimF fc = k. Then, F T = V Pr n iV(^_J is 
a-isotropic. It suffices to show that u>(V Pr , N(V j £;_ 1 )) = 0. But this is so, since N(V f ^;_ 1 ) C V Pr . 

Let us check that V Pk C AT (.Ffc_i). Indeed, we have the inclusions N(V Pk ) C V Pk -i and 

N(V Pk ) c K Pfc _! n AT^J = V Pk _, n Ar(^_J = F k _ ± . 

This gives us the desired assertion. So, we have proved that X° C Imp. 

To complete the proof, we need to show that for a given (i ? fc)fce[o,2r] G Sp3~(ImiV), a general 
(^i)ie[0,n-ll ^ 03" satisfying ([I]) is in X°. For this we use the second description from Proposi- 
tion [3THJ For a general element, we have the required dimension equalities and for i G \pk,Pk+i) 
we see that 

N(Vi)GN(V p ^ 1 )cF k cV Pk GV i . 
The proposition is proved. □ 

3.4 A Schubert variety containing X 

As in type A, let us consider the following subvariety of SpS^ImAT) x 03" containing X: 
y = {(mke[o,2r]>W*lo,n-i]) G SpJ(ImiV) x OJ I F k c V Pk , Vk G [l,r]}. 

As for X, the natural projections of the product Sp3~(ImA^) x 09" on its two factors induce two 
maps py '■ Y — > OiF and qy :Y — > Sp9"(ImA r ). 

Proposition 3.12. (i) The map qy is dominant and is a locally trivial fibration with fiber over 
(Fk)k£[o,2r] isomorphic to the following Schubert variety 

0% = {(^)ie[0,n-i] G 09" | F k C V Pk , Vk G [l,r]}. 

(it) The map py is birational onto the Schubert variety 

Y = W)ie[o, n -l] G OJ | dim(ImA^ n V Pk ) > k, VA; G [1, r]}. 

Proof, (i) The first part is clear from the definition of Y. 

(n) The image of py is contained in 1". Conversely, let (Vi)j e ro in i be general in Y. Then the 
equalities in the second condition of Proposition 13.81 are satisfied. By the same proof as in that 
proposition, the first conditions are also satisfied. We set Fk = Inx/V n V Pk for k G [0, r]. This 
space is isotropic for Z by the same argument as in the proof of Proposition 13.111 The point 
i(Fk)ke[o,2r], {Vi)ie[o,n-i]) with F k = i^f+i-fc for k > r is in the fiber of Py over (Vi);e[o,n-i] • □ 

4 Frobenius splitting 

In this section, we assume Char(K) = p > 0, we shall intensively use the results from the book 
[BrKu05]. We refer to this book for the notions of Frobenius splitting of a scheme X and B'- 
canonical splitting of a scheme X with an action of a Borel subgroup B' of a reductive group 

a. 
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We will now deal with type A and type D simultaneously and keep the notation of the 
previous two sections. In particular X will denote a fixed irreducible component of the Springer 
fiber with two columns in type A or D. To simplify the notation we will denote by 3" w both the 
Schubert variety 3^ w in type A and the Schubert variety OSF^, in type D. We denote by n the 
number n in type A and n — 1 in type D. 

4.1 Bott— Samelson resolutions 

We will use Bott-Samelson resolutions of the Schubert varieties 3 W and 3 V to construct resolu- 
tions of X and Y and thus of X and Y. Let us fix some notation and recall some basic facts on 
Bott-Samelson resolutions (for details we refer to |Dem74] or [BrKu05] ) . 

Recall that the Schubert varieties in CF are indexed by the elements u of the Weyl group W. 
The inclusion of Schubert varieties induces an order on W called the Bruhat order. Any element 
u G W can be written as a product ■ ■ ■ Sj fe where Si k is the simple reflection with respect to 
the simple root cti k (we shall use the notation of N. Bourbaki here [Bou54j ). An expression of 
minimal length is called reduced, and its length k is called the length of u. Let us also denote, for 
a a simple root, by G(a), respectively 7{p), the Grassmannian (classical in type A, orthogonal 
in type D), respectively the partial flag variety of all subspaces except those in G(a). Denote 
by p a the projection 3~ — > 3"(a). Its fiber is isomorphic to P . 

Let F, be a fixed complete flag (classical in type A, orthogonal in type D), and let u = 
(a^, • • • , oti k ) be a sequence of simple roots. We construct a variety 1 U from these data. For 
this we consider the following elementary construction. 

Elementary construction 4.1. Having a simple root a, we first define a variety 

There are two natural maps (p a and ip a from 3 a to 3 defined by ^Pa{{Yi)ie\o,n\i W) = (14)ie[o,n] 
and V'a((^i)ie[o,n]) W) = (Po((l / i)ig[o,ri])) W)- Remark that there is a natural section a a : 3" — > 9" Q 
of ^q, given by (Pi)ie[0,nj ^ ((^)ie[o,n],Pa((^)ie[o,n]))- 

Let : ^ — > 9" be a morphism. We define the variety Z a as the fiber product 

Z a = Z x 3~ Q *- Z 

Pz 



We denote the projection Z a — > Z by /^ Q . The section cr a induces a section o~z a °f /z a - We 
define the map pz a '■ Z a — ► 9" as the composition of the projection Z a — > ^q, with 

The Bott-Samelson variety 3~ u is constructed from the sequence of integers u and the point 
F, in 3". Indeed, we set Zq = {F,} with the map pz '■ Zq — > 3" given by the inclusion and we 
define Zi = (Zo) a . obtained by the elementary construction from pz and o%. We define by 
induction Zj + % = (Zj)cn. +1 obtained by the elementary construction from pz j and oii j+1 . By 

definition, the Bott-Samelson variety 3" u is Z^. The map fz '■ Zj — > Zj—i is a P 1 -bundle for 
all j and therefore 3\ is smooth. The sections o~Zj define divisors Dj = f^ k ■ ■ ■ fg (rZj(Zj-i)- 
These divisors intersect transversally, and we define 

d.j = n d j 
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for J C [1, k\. For such a subset J of [1, k] we can consider the subword uj = (oti^j^j and there 
is a natural isomorphism 3~ Uj ~ Dj. We will therefore consider the Bott-Samelson varieties 3v 
for any subword u' of u as subvarieties of the Bott-Samelson variety 5F U . We shall denote the 
union of the divisors Dj for j G [1, k] by d3~ u . 

Recall that by the construction, there is a map p^. : 3~ u — > 3". If u is a reduced expression 
for an element -u of the Weyl group W, the natural map pTi is birational onto $ u yielding a 
resolution of the Schubert variety £F U . 

Remark 4.2. The choice of a Bott-Samelson resolution £F U for 3~ n depends on the choice of a 
reduced expression for u. Recall from |Dem74j that since 3* w is a Schubert subvariety of 3~ VJ we 
may choose a reduced expression c = (qj 1 • • • Qj fc ■ • • ) for u such that It) = (o^ • • • a^) is a 
reduced expression for w. In particular in the diagram 

<r C ^ <T 

the vertical maps are birational and thus simultaneous resolutions of singularities. We choose 
such a reduced expression for v to construct H and thus 9^. 

4.2 Resolutions of X and Y 
4.2.1 Two groups 

In this subsection, we will need to distinguish the type A and D cases. 

In type A, set G = SL(ImiV) and G' = SL(K n ). We embed G in G 1 as follows. Choose 
a complement E\ for Im./V in KeriV and a complement E2 for KerA^ in W 1 . We consider the 
subgroup Go of G' defined by: 

/ stabilizes Im./V, KerA^, and E% for i G {1,2}, 1 
det(/|i m jv) = det(f\ E2 ) = 1, and f\ El = id El J ' 

This group is isomorphic to the product SL(ImiV) x SL^E^)- Furthermore, observe that E2 is 
identified with ~K n /KerN and with ImiV via N. The group Go is thus isomorphic to G x G; let 
us embed G into Go diagonally. For any Borel subgroup B of G, we may find a Borel subgroup 
B' of G' such that B C B' in this embedding. We may thus consider the variety Zq = G/B as 
a subvariety of Gq/B and also of G' IB' = 3". We thus have a map pz ■ Z — ► 9". 

In type D, set G = Sp(ImiV) (recall that we have a non degenerate skew form on ImiV) and 
G' = SO(K 2n ). We embed G in G' as follows. Choose an orthogonal complement E\ for ImA^ 
in KeriV and an isotropic subspace E2 in W 1 mapping bijectively to K 2n /KeriV. We consider 
the subgroup Go of G' defined by: 

/ stabilises ImiV, KeriV, and Ei for i G {1, 2}, 1 
det(/|i m jv) = det(/|s 2 ) = 1, and f\ El = id El J ' 

remark that here the conditions f(KeiN) C KerA^ and det(/|^ 2 ) = 1 are redondant. This group 
is isomorphic to SL(ImA r ). The group G embeds into Go- For any Borel subgroup B of G, we 
may find a Borel subgroup B' of G' such that B C B' in this embedding. We may thus consider 
the variety Zq = G/B as a subvariety of Gq/Bq and also of G' / B' = 9". We thus have a map 
Pz ■ Z -> J. 



Go = / G G' 



Go = / G G' 
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4.2.2 Resolutions 



We again deal with types A and D simultaneously. 

Let us take a sequence of simple roots u = (a^ , • • • , Ui h ) and apply the same construction as 
for the Bott-Samelson variety 9~ u , but starting with Zq = G/B. We get a variety X u together 
with a morphism p x : X u — > 9". This variety can also be seen as the homogeneous fiber bundle 

X u = G x B 3 r u where the action of B on & u is induced by the inclusion B C B' and the natural 
action of B' on 9~ u . For any subword u' of u, the variety X u > can again be realized as a complete 
intersection in X u . In particular we have the same description of divisors G x B Dj for j E [1, k] 
on X u as on 9" u . We shall denote the union of these divisors by dX u . Finally, we have a natural 
map p x : X u — > 9~. 

Using the reduced expression d of v defined in Remark [421 we obtain a variety Y = X v and a 
subvariety X = X n of Y. We have natural maps p Y = p x (resp. p x = P Xm ) f rom Y (resp. X) 
to 9~. Since the maps p^ and ps? are B'-equivariant and thus B-equi variant, we get a diagram 

X = G x B J ro c >■ Y = Gx B % 



X = Gx B 3" w c *■ Y = G x B % 

where the morphisms G x B 3 V — > 3" and G x B 3^ w — > S 1 " are given by (g, x) g ■ x. The maps j>y 
and are the vertical compositions in the above diagram. We also have the projection maps 
qy : ? -> G/fi and g^: X -» G/B. 

Proposition 4.3. ^ The maps q y and q x are dominant and locally trivial fibrations with fiber 
over (i ? fc)/cG[o,r] € G/B isomorphic to Bott-Samelson varieties ST and respectively. 

(n) The maps p y :Y — > 3" and p^: X — > 9" are birational and dominant onto Y and X 
respectively. Thus they are resolutions of singularities for Y and X. 

Proof. The first part is clear from the definition of Y and X. The second part follows from the 
birationality of the Bott-Samelson resolutions 9~ D — ► 3^ v and 3~ ro — > 9"^ , the smoothness of F and 
X, and the first part. □ 

Notation 4.4. For a subword u of 0, we define X u to be the subvariety of Y obtained as the 
image of X u (seen as a subvariety of Y = X ) under the map p y . With this notation X = X m . 
The map p x : X — > X is the resolution 7r in Theorem 11.21 

4.3 Existence of a splitting 

We have the following 

Theorem 4.5. (i) There exists a B' -canonical splitting of the Bott-Samelson variety 9" D com- 
patibly splitting all Bott-Samelson subvarieties 9~ u o/9 r for each subword u of V. 

(n) This splitting induces a B -canonical splitting ofY compatibly splitting all the subvarieties 
X u for u a subword of t). 

(in) The latter splitting induces a splitting ofY compatibly splitting all the subvarieties X u , 
where u is a subword of d . 
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Proof. (1) This is an application of [BrKu05, Proposition 4.1.17]. 

(n) We first observe that the S'-canonical splitting in (1) is a So-canonical splitting, where 
Bq = B' n Go and Go was defined in section I4T21 For this, use the following result (see |BrKu05[ 
Lemma 4.1.6]): let H be a connected and simply connected semisimple group, let H' be a, 
Borel subgroup in H, and let H" be a maximal torus in H. Let X be a H'-scheme and let 
4> £ Hom(i ? *Ox, Ox), where F is the Frobenius morphism. Let us denote by e£ the divided 
powers, where a is a root of H. There exists a natural action e$ * (f) of on (ft (see |BrKu05| 
Definition 4.1.4]). 

Lemma 4.6. The element (j> is a H' -canonical splitting if and only if 4> is H" -invariant and 
e« * (ft = for all n > p and a a simple root. 

In our situation, we easily check that the divided powers of Go are divided powers for G'. In 
particular the splitting in (i) is a l?o- canon i ca l splitting and compatibly splits all the Schubert 
varieties 3" n (lK n ). 

To prove that the i?o- canon i ca l splitting induces a B-canonical splitting, we need to use 
results of W. van der Kallen [vdKOH Lemma 10]: 

Theorem 4.7. Let G and H be semi-simple and simply connected groups and assume that H 
is a closed subgroup of G. Denote by Bq and Bh = Bo (~)H some Borel subgroups of G and H. 

If the pair (G,H) satisfies the pairing condition^, an d a variety X has a canonical Bo- 
splitting compatibly splitting a divisor Y, then X has a canonical Bn-splitting compatibly splitting 
Y. 

In the paper of W. van der Kallen, the compatibility with Y is not explicitly stated, but the 
splitting of X is given by a morphism Stc <S> Stc — ► H°(X, Ux~ p ) and if it splits a divisor Y, then 
it is given by a morphism St G <8> St G -» H° (X , uT~ p '((p - 1)Y)) (see |BrKu05| Theorem 1.4.10]). 
The pairing criterion gives a morphism St// ® St# — > Sto <8> Stg — > H°(X, u-^~ p ((p — 1)1")) and 
the compatibility follows by [BrKu05, Theorem 1.4.10] again. 

Both in types A and D, this result is sufficient. Indeed, in type A, the pair is (SL(ImiV) x 
SL(ImiV), SL(ImiV)) and in type D, the pair is (SL(ImiV), Sp(ImiV)). The first pair satisfies the 
pairing criterion according to W. van der Kallen [vdKOll Example 8], as well as the second pair 
|vdK01l Remark 19] |. 

We thus have a 5-canonical splitting on 5"^ compatible with all the divisors Dj and therefore 
with all the subvarieties 3~ u (by [BrKu05, Proposition 1.2.1] and the fact that the varieties 5" u 
are intersections of such divisors. Applying [BrKu05, Theorem 4.1.17], we get a S-canonical 
splitting onGx B 3" ll = y compatible with all subvarieties G x B 9~ u = X u . 

(m) This is a direct application of Lemma 1.1.8 in [BrKu05] together with the fact that since 
Y is a Schubert variety, it is normal. □ 

4.4 D-splitting 

In this subsection, we prove that the previous splitting is a D-splitting with an explicit ample 
divisor D. For this we first need to compute the canonical divisor of the variety Y. 

2 This conditions says that, denoting by Stn and StG the Steinberg modules of H and G, there is an //-module 
morphism Stu ® StH — * StG ® StG such that the composition with the evaluation Sto ® StG — > K is nonzero. See 
[vdKOll Definition 6]. We will not really need this condition here. 

3 Remark that in type A the above results also follow from a more recent result (stated with compatibility of 
the splittings) proved by X. He and J.F. Thomsen [HeTh08l Theorem 7.2]. 
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Let us first fix some notation. As we have seen, if = (a^ , • • • , cti k , • • • , «i, ) and if we denote 
by the subword (a^ , • • • ,a^) for j € [1,1], then the variety V can be realized as a sequence 

of pi-fibrations Y = X -> X^p.^ > A o[1] -» G/B. For all j € [1,1], there is a natural 

map Px„h] —* 3~ an d if Ogr(l) is the line bundle on 9" defined by the Pliicker embedding, we define 
^o[j] = V% (0^(1)). We shall denote by L y and the line bundles £ and £ w , respectively. 

The following lemma is an easy modification of a well-known result on the canonical divi- 
sor of the Bott-Samelson resolution, see for example |BrKu05l Proposition 2.2.2] or [Kum02|, 
Proposition 8.1.2]: 

Lemma 4.8. We have the equality uj^ 1 = Q Y (dY) ® Ly. 

Proof. We prove the following formula by induction over j £ [0,1]: 




For j = 0, we have Xt>]j\ = G/B. The line bundle to G / B is the line bundle £ u y] which is twice the 
ample line bundle defined by the Pliicker embedding of G/B, since G/B is diagonally embedded 
into 3" = G'/B'. Let us denote the fibration X u +1 j — > X v u\ by / and its section by a. The 
induction follows from the formula: 

which is a direct application of [Kum02l Lemma A-18], of the equality cj*/C D y +1 ] = and the 
fact that for each j the divisor £ B H+i] has the relative degree 1 for the fibration /. □ 

Theorem 4.9. There exists a D-splitting of Y compatibly splitting the subvarieties X u , where 
u is a subword of and D is an effective divisor such that Y (D) = £? p . 

Proof. Recall that in Theorem 14.51 we constructed a splitting ip of Y compatibly splitting the 
subvarieties X u for a subword u of d. In particular, it is compatible with each of the divisors 
X fj\ for j £ [1,1], where = (a^,--- , a^,--- ,«$,). By [BrKu05( Theorem 1.4.10], the 
splitting if provides a (p — l)X (j\ -splitting for all j € [1, Z]. We may thus write 

l 

divfc) = (p - 1) £ A e0) + D = 8Y + D 
i=i 

with Oy(-D) = £? p ~ 1 (compare with Lemma I4.8|) . But again by [BrKu05| Theorem 1.4.10], 
the splitting ip is a div(y?)-splitting. Now using | BrKu05l Remark 1.4.2 (n)] we get that ip is a 
-D-splitting. 

We next prove that the restriction of ip to X (j\ is again a D-splitting for all j £ [1,1]- We 
thus consider tp\^ _ the restriction of c/? to given by the adjunction formula: 

H\Y,Jf p {{p - 1)A D0 . } )) - tf (X o0 -),u^ (j) ). 

We know that (/?|^ . splits compatibly all the divisors X ^ fl X D (j) of X v ^ for i 6 [1,/] and 
i ^ j. In particular we get 

I 

div(^ w ) = (p-l) E ^Wlx, w + 5, 
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with D' = D\j£ effective. By the above argument ip\y ^ is a Z)'-splitting. 



°0) 



x 



Finally, the result follows from the fact that for any subword u of d the variety X u is the 



intersection of certain divisors X, 



□ 



Corollary 4.10. There exists a D-splitting ofY compatibly splitting all the subvarieties X u for 
a subword u of d and an ample effective divisor D such that Oy(D) = (0^(1) |y)® p . 



Proof. This is a direct application of [Br Ku05| Lemma 1.4.5] to the map Py : Y — > Y. Indeed, 
in the previous Theorem, the divisor D is the pullback by p Y of a divisor D with the above 
property. We may apply Lemma 1.4.5 in [BrKu05] because Y is normal and the conclusion 
follows for the splitting of the varieties X u because these varieties are the images of the varieties 
X u under p y . □ 



5 Normality 

In this section we prove the results stated in the introduction. The proof will be similar to the 
proof of the same results for Schubert varieties as given in the book [BrKu05j. In order to pass 
from positive characteristic to characteristic zero, we shall use the results in [B rKu05| Section 
1.6]. For this we need to realize the Springer fiber over Z. This can be easily done by choosing 
a representative of the nilpotent element iV in the normal Jordan form in its GL(K")-orbit. 

5.1 Some preliminary results 

We prove the normality of all the varieties X^ for j € [0, 1] by induction over j. For this we need 
a more precise description of the geometry relating X yj and X y + ij . Recall the construction of 
the variety X y + i^ from X uj by the elementary construction 14.11 as the fiber product X D y +1 ] = 
X v \j] x jr 3" a . +i . For a subvariety Z in 5F we denote by Z l i +1 its image under the projection 

Pa ij+1 ■ $ — > 3~(ai j+1 ) (see Subsection 14. ip . We have the equality -X"„y +1 ] = X^ 'x^3' aij+1 , so 
we obtain the following commutative diagram 



X, 



X \j] 



X \j] X^ Qlj+1 



x, 



ob'+i] 




»b] J 



(2) 



Lemma 5.1. With the above notation, 

(i) the map : X y^ — > is birational for all j G [0,1]; 

(n) the map p : -X" [j] — > ~^o\j] ^ s birational for all j E [0,1 — 1]; 
(in) we have the equality X^t 1 = XMt^, for all j € [0,1 — 1]. 



14 



Proof. (1) We prove this by descending induction on j. For j = I the corresponding map is 
Py : Y — > Y, which is birational by Proposition 14.31 

Assume that p^ is birational. This map is the composition of the top two left vertical 

arrows b and b' in the previous diagram. In particular these two maps b and b' are also birational. 
But the topmost right vertical arrow in the above diagram gives V by fiber product. This map 
is Pv and has to be birational. 

(n) By what we just proved the map b is birational. But it is a fiber product of the map 
p : — * ^oji] 1 ' wmc h ^ as t° be birational. 

(m) Recall that we have two maps ip ai j and ip^ . i from £F a . j to 5F obtained by forgetting 
one of the two subspaces corresponding to points in G(aj J+1 ) in 3~a I+1 • The map a' corresponds 
to (p ai +i while b corresponds to ip ai +i . The composition of the two forgetful maps ip ai , +i and 
i^Oi . a yield a map £F ai . i — > S^'+i . The maps poa' and p o 6 correspond by fiber product to the 
maps +1 an d <-Pai. 1 , respectively. In particular these two maps are equal 

and the result follows. □ 

5.2 Proof of Theorem PTTT1 

We prove by induction over j that X u-i is normal. For j = 0, we have X r j ~ G/B, which 
is normal. Let j > and assume that X b y] is normal. The map a : X^+q — > ^"ojj 1 ] 1 is a 
P 1 -fibration. Thus to prove the normality of X D [j +1 ] we only need to prove the normality of 

X 1 ^ . But the map p : X^j — > X^ 1 is birational and surjective (Lemma 15.11 (n)). and X^ is 
normal by the induction hypothesis, so we only need to prove the equality 

»li] 

This will be done using the following lemma (see [BrKu05, Lemma 3.3.3]): 

Lemma 5.2. Let f : X — > Y be a surjective morphism between projective schemes, and let £ be 
an ample line bundle on Y. Assume that the map H°(Y,L U ) — > H°(X, f*L v ) is an isomorphism 
for v large enough. Then f*Qx = Oy- 

Consider £ ample on A^j 1 ] 1 and the following commutative diagram 

H (x^l lV q — ^H (x 0{j+1] , P *q 

H°(X l ^\L) >H°(X m ,p*il). 

But since X v y + q is D-split compatibly with X v uj and D is ample, we get by [BrKu05, Theorem 

1.4.8] that the right vertical map is surjective. Moreover, the map p : X y + q — > X^f^ is a 

P 1 -fibration, so the top horizontal map is also surjective. We obtain that the lower horizontal 
map is surjective. It is injective since the map p : X^ — > X^ 1 is surjective. We may thus 
apply the previous lemma and deduce the normality. 

Remark 5.3. This proof works for K of positive characteristic, but relies only on vanishing of 
cohomology and surjectivity of restrictions on cohomology, which pass, by semi-continuity, to 
characteristic zero. The same proof therefore works for Char(lK) = 0. 
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5.3 Proof of Theorem [TT21 

Recall the definition of a rational morphism and of rational singularities for Char(K) = 0: 

Definition 5.4. (i) A morphism of schemes /: A — > Y is called rational if f*Qx = Oy and all 
its higher direct images vanish: ff/*Ox = f° r i > 0. 

(n) Assume Char(K) = 0. A normal variety X has rational singularities if there exists a 
rational birational proper morphism ir : X — ► X. 

We first prove the following 

Lemma 5.5. For oWj S [0, 1], the map p^ _ : -X"t>[j] — ► A B y] is a rational morphism. 

Proof. We prove this lemma by induction over j. For j = 0, we have p^ : X [ ] — > A D [ ] is 

an isomorphism. Let j > and assume that Px t u\ lS rational. Then, since b' is obtained by 
fiber product from , we see that b' is rational. So, to prove the rationality of p^ we 
only need to prove the rationality of b. Since b is obtained by fiber product from p, we only 
need to prove the rationality of p : X v ^j — > A^ 1 . But p is birational and A^ 1 is normal (see 
the proof of the normality of A), therefore by the Zariski Main Theorem we obtain the equality 
P*Ox o[j] = ij+i- We need to prove the vanishing of the higher direct images. For this we 

embed A yj in 3~ and A^jt in 3~(aj j+1 ). We have a commutative diagram 

X 0[j f 



and in particular the fibers of both morphisms are at most one-dimensional, thus i? l p*0x yi = 
for i > 2. Now the surjection Ogr — > Oj^,., induces a surjection i? 1 ^*©^ — > i? 1 p*0x„ [j] • But 
since the second vertical map is a P 1 -fibration, we have R 1 p*Q^ = and the result follows. □ 

Let us now prove the vanishing R l p^ ^>v = for i > 0. For this we use the following 
direct application of Theorem 1.2.12 from [BrKu05j: 

Lemma 5.6. Lei f : X ^ Y is a proper birational morphism with X smooth. Assume that 
if is a splitting for X compatibly splitting a divisor Z such that the exceptional locus of f is 
set-theoretically contained in Z . Then we have R l f*0x{— Z) = for i > 0. 

We want to apply this lemma to the map p : A yj — » A^j , the splitting constructed above, 
and the divisor Z = dX*u-\. For this we only need to check that the exceptional locus of p^ 

is contained in dX y] . But the map A B yi — ► X v y^ decomposes as follows: 

X 0[j] = Gx B 3" D[i] -> G x B ^ -» A D[i] 



and this map is G-equivariant. Furthermore, the complement to f^eb'l i n lS a -B-equivariant 
dense open subset thus the complement of dX u-\ in Xx>\j] ^ s a G-equivariant dense open subset. 
The map is therefore an isomorphism on this open subset, and the exceptional locus is contained 
in dX^y By the previous lemma, we get the vanishing 

Bjp- Q~ {-dXtfA =0 for i > 0. 
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But from Lemma I4TH1 we have = 0^ (— dX D \^) ®p*~ (Oj-(l)lx M )- Thus by projection 

formula, we get: 

Rl Px m ^x m = itps^O^i-dXM) (0^(l)k 0[ ,) = for < > 0. 

This completes the proof of Theorem 11.21 Corollary 11.31 follows from general results on rational 
resolutions, see [BrKu05, Lemma 3.4.2], and Corollary 11.41 follows from the definition of rational 
singularities and Lemma 15.51 

Remark 5.7. The proof of Lemma l5.5l works for any characteristic (once the normality is proved). 
For Char(K) = we do not need to prove the above vanishing R l p^- = for i > 0. 

This result follows automatically from Grauert-Riemenschneider Theorem [GrRi70j. 
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